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ON TROPICAL FRIEZES ASSOCIATED
WITH DYNKIN DIAGRAMS
LINGYAN GUO
Abstract. Tropical friezes are the tropical analogues of Coxeter-Conway
frieze patterns. In this note, we study them using triangulated cate-
gories. A tropical frieze on a 2-Calabi-Yau triangulated category C is
a function satisfying a certain addition formula. We show that when
C is the cluster category of a Dynkin quiver, the tropical friezes on C
are in bijection with the n-tuples in Zn, any tropical frieze f on C is
of a special form, and there exists a cluster-tilting object such that f
simultaneously takes non-negative values or non-positive values on all
its indecomposable direct summands. Using similar techniques, we give
a proof of a conjecture of Ringel for cluster-additive functions on stable
translation quivers.
1. introduction
Cluster algebras introduced by S. Fomin and A. Zelevinsky [21], are sub-
rings of the field Q(x1, . . . , xn) of rational functions in n indeterminates en-
dowed with a distinguished set of generators called cluster variables, which
are constructed recursively via an operation called mutation. A cluster al-
gebra is said to be of finite type if the number of cluster variables is finite.
The classification of finite type cluster algebras was achieved [22] in terms
of Dynkin diagrams.
Motivated by close relations between tilting theory of finite-dimensional
hereditary algebras and the combinatorics of mutation in cluster algebras,
the cluster category CQ of a finite acyclic quiver Q was introduced in [11]
for type An and in [7] for the general case. The cluster category provides
a natural model for the combinatorics of its corresponding cluster algebra.
It is triangulated [28], Krull-Schmidt and 2-Calabi-Yau [7] in the sense that
there are bifunctorial isomorphisms
Ext1(X,Y ) ≃ DExt1(Y,X), X, Y ∈ CQ.
There are also many other 2-Calabi-Yau triangulated categories, for exam-
ple, the stable module categories of preprojective algebras of Dynkin type
studied by Geiss-Leclerc-Schro¨er in their series of papers, the generalized
cluster categories of Jacobi-finite quivers with potential [18] and of finite-
dimensional algebras of global dimension ≤ 2, which were investigated in [1]
by C. Amiot.
Starting from a 2-Calabi-Yau Hom-finite triangulated category C with a
cluster-tilting object T , Palu [33] introduced the notion of a cluster character
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χ from C to a commutative ring which satisfies the multiplication formula
χ(L)χ(M) = χ(E) + χ(E′)
for all objects L and M such that Ext1C(L,M) is one-dimensional, where E
and E′ are the middle terms of the non-split triangles with end terms L and
M . He explicitly constructed cluster characters from cluster-tilting objects.
In this article, we introduce tropical friezes f on C mainly by replacing
the above multiplication formula with an addition formula
f(L) + f(M) = max{f(E), f(E′)}.
Our inspiration comes from the definition of cluster-additive functions [36]
on stable translation quivers and from the tropicalized version of Coxeter-
Conway’s frieze patterns. To the best of our knowledge, such tropical frieze
patterns first appeared implicitly in Fock-Goncharov’s preprint [19] and ex-
plicitly in section 4 of J. Propp’s preprint [35].
The paper is organized as follows.
In Section 2, after recalling some facts on frieze patterns and stating the
assumptions on the categories C we consider (namely, 2-Calabi-Yau cate-
gories with cluster-tilting object), we introduce the notion of tropical friezes.
Then we study their first properties and some links to cluster characters,
using which we give an example and a counter-example of tropical friezes.
In Section 3, taking advantage of the indices [30] of objects of C, for
each cluster-tilting object T and each element m in the Grothendieck group
K0(modEndC(T )), we define a function fT,m on C. A criterion for fT,m to be
a tropical frieze is given in Theorem 3.1, which is also a necessary condition
when C is the cluster category CQ of a Dynkin quiver Q. We also show that
the tropical friezes on CQ with Q Dynkin are in bijection with the n-tuples
in Zn by composing Palu’s cluster character with a morphism of semifields.
Then we investigate the cluster-hammock functions introduced by Ringel
[36], which always give rise to tropical friezes while their sums do not.
Section 4 just consists of simple illustrations for the cases A1 and A2, in
order to give the reader an intuitive impression.
In Section 5, for a cluster-tilting object T and a tropical frieze f on C, we
define an element g(T ) in the Grothendieck group K0(addT ), which trans-
forms in the same way as the index with respect to cluster-tilting objects.
The main result (Theorem 5.1) states that all tropical friezes on CQ with Q
a Dynkin quiver are of the form fT,m. A different approach of this fact is
given in Section 5 of [20]. As an application, we show that for any tropical
frieze f on CQ, there exist cluster-tilting objects T
′ (resp. T ′′) such that
f simultaneously takes non-negative (resp. non-positive) values on all its
indecomposable direct summands.
Section 6 gives a proof of a conjecture of Ringel for the universal form
of cluster-additive functions f on stable translation quivers Z∆ with ∆ a
simply laced Dynkin diagram, namely, f is a non-negative linear combination
of pairwise ‘compatible’ (in the sense of Ringel) cluster-hammock functions.
Acknowledgments. The author thanks Sophie Morier-Genoud for point-
ing out J. Propp’s work [35]. She is supported by the China Scholarship
Council (CSC). This is part of her Ph. D. thesis under the supervision of
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helpful discussions and Zhonghua Zhao for constant encouragement.
2. first properties of tropical friezes
In this section, we recall Coxeter-Conway’s frieze patterns at the begin-
ning, then inspired by a tropicalized version of Coxeter-Conway’s frieze pat-
terns of integers, we introduce tropical friezes on 2-Calabi-Yau triangulated
categories. Apart from studying their first properties, we also investigate
some links between tropical friezes and cluster characters.
2.1. Frieze patterns. In early 1970s, Coxeter and Conway studied frieze
patterns and triangulated polygons in [14, 15, 16]. A frieze pattern Fn of
order n consists of n − 1 infinite rows of positive numbers, whose first and
last rows are filled with 1. Besides, the essential point is the unimodular rule,
that is, for every four adjacent numbers in Fn forming a diamond shape
b
a d
c
the relation ad = bc + 1 is satisfied. For example, the following diagram is
a frieze pattern of order 6:
. . . 1 1 1 1 1 1 1 1 . . .
. . . 2 2 2 1 4 1 2 2 . . .
. . . 3 3 1 3 3 1 3 3 . . .
. . . 4 1 2 2 2 1 4 1 . . .
. . . 1 1 1 1 1 1 1 1 . . .
A notable property of Fn is its periodicity with period a divisor of n. More
precisely, it is invariant under a glide reflection σ which is [n2 ] times hori-
zontal translation composed with a horizontal reflection.
A frieze pattern Fn is determined by the elements in one of its diagonals
(say b1 = 1, b2, . . . , bn−2, bn−1 = 1), and it consists of integers if and only if
bs divides bs−1+ bs+1 for s = 2, . . . , n− 2. Let a0 = b2 and a1, a2, . . . be the
numbers lying to the right of a0 in the second row. Then we have
as =
bs + bs+2
bs+1
, 1 ≤ s ≤ n− 3.
A frieze pattern Fn can also be derived from a0, . . . , an−4, since an−3 satisfies
the linear equation∣∣∣∣∣∣∣∣∣∣
a0 1 0 . . . 0 0
1 a1 0 . . . 0 0
0 1 a2 . . . 0 0
. . . . . .
0 0 0 . . . 1 an−3
∣∣∣∣∣∣∣∣∣∣
= bn−1 = 1
and Fn is symmetrical by the glide reflection σ. Moreover, Fn consists of
integers if and only if a0, . . . , an−4 are integers.
4 LINGYAN GUO
Let Pn be a regular n-gon with vertices 0, . . . , n − 1. A triangulation T
of Pn is a maximal set of non-crossing diagonals of Pn, whose cardinality
is always equal to n − 3. Such a pair (Pn, T ) is called a triangulated n-
gon. Let ar denote the number of triangles at vertex r with respect to some
triangulation T . Then
. . . a0 a1 . . . an−1 a0 . . .
is the second row of a frieze pattern of integers. Furthermore, the frieze
patterns of integers of order n are in bijection with triangulated n-polygons.
Associated with an acyclic quiver Q, the authors observed in [10] a gen-
eralized version of Coxeter-Conway’s frieze patterns. The elements of the
generalized frieze pattern FQ associated with Q are cluster variables in the
cluster algebra AQ. Moreover, the sequences in FQ satisfy linear recur-
rence relations if and only if Q is of Dynkin or affine type (see [22, 2, 31]).
Of course, there are more connections between frieze patterns and cluster
algebras (see for instance [23, 3, 4]).
The tropical semifield (Z,⊙,⊕) is the set Z of integers with multiplication
and addition given by
a⊙ b = a+ b, a⊕ b = max{a, b}.
Notice that the unit in the tropical semifield with respect to the given mul-
tiplication is the number 0.
If we view the unimodular rule as an equation in the tropical semifield,
then it becomes
a+ d = max{b+ c, 0},
which is deduced from
a⊙ d = a+ d and (b⊙ c)⊕ 1 = max{b+ c, 0}.
Example 2.1. One can easily check that for every adjacent numbers a, b, c, d
forming a diamond shape with a left and d right in the following diagram
. . . 0 0 0 0 0 0 0 0 . . .
. . . 2 1 1 −1 4 −2 2 1 . . .
. . . 3 2 −2 3 2 −2 3 2 . . .
. . . 4 −2 2 1 1 −1 4 −2 . . .
. . . 0 0 0 0 0 0 0 0 . . .
the relation a + d = max{b + c, 0} is satisfied. Notice that if we omit the
first and last rows which are filled with 0, nothing will change. We call
such a diagram a tropicalized frieze pattern of order 6. This diagram is also
periodic with period a divisor of 6, it is also invariant under the same glide
reflection σ (as frieze patterns). In fact, this is a general phenomenon: every
tropicalized frieze pattern of order n is periodic. We will explain this fact
right after Proposition 3.4.
In the following, we will study tropical friezes on 2-Calabi-Yau triangu-
lated categories, especially on the cluster categories associated with Dynkin
diagrams. As we will see after Proposition 3.4, this generalizes the above
tropicalization of frieze patterns of integers.
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2.2. Definitions and first properties. Let k be an algebraically closed
field. Let C be a k-linear triangulated category with suspension functor Σ
where all idempotents split. We further assume that the category C
a) is Hom-finite, i.e. the morphism space C(X,Y ) is finite-dimensional
for any two objects X, Y in C (which implies that C is Krull-
Schmidt);
b) is 2-Calabi-Yau, i.e. there exist bifunctorial isomorphisms
DC(X,Y ) ≃ C(Y,Σ2X), X, Y ∈ C,
where D denotes the duality functor Homk(?, k);
c) admits a cluster-tilting object T , i.e.
i) T is rigid (that is, C(T,ΣT ) = 0), and T is basic (that is, its
indecomposable direct summands are pairwise non-isomorphic),
ii) for each object X of C, if C(T,ΣX) vanishes, then X belongs to
the subcategory addT of direct summands of finite direct sums
of copies of T .
If a category C satisfies all these assumptions, we say that C is a 2-
Calabi-Yau category with cluster-tilting object. A typical class of such cate-
gories is the class of cluster categories [7] of connected finite acyclic quivers.
Throughout this article, our category C is always a 2-Calabi-Yau category
with cluster-tilting object.
Definition 2.2. A tropical frieze on C with values in the integer ring Z is
a map
f : obj(C)→ Z
such that
d1) f(X) = f(Y ) if X and Y are isomorphic,
d2) f(X ⊕ Y ) = f(X) + f(Y ) for all objects X and Y ,
d3) for all objects L and M such that dimExt1C(L,M) = 1, the equality
f(L) + f(M) = max{f(E), f(E′)}
holds, where E and E′ are the middle terms of the non-split triangles
L→ E →M → ΣL and M → E′ → L→ ΣM
with end terms L and M .
Let f and g be two tropical friezes on the same category C. The sum f+g
clearly satisfies items d1) and d2). For item d3), we have that
(f + g)(L) + (f + g)(M) = (f(L) + f(M)) + (g(L) + g(M))
= max{f(E), f(E′)}+max{g(E), g(E′)}.
Then f + g is a tropical frieze if and only if for all pairs (E,E′) as in item
d3) the equality
max{f(E), f(E′)}+max{g(E), g(E′)} = max{(f + g)(E), (f + g)(E′)}
holds. Notice that for two integers a, b, the number
max{a, b} =
a+ b+ |a− b|
2
.
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Thus, the sum f + g is a tropical frieze if and only if for all pairs (E,E′) as
in item d3) the equality
|f(E)− f(E′)|+ |g(E) − g(E′)| = |(f(E) − f(E′)) + (g(E) − g(E′))|
holds, if and only if the inequality
(f(E)− f(E′))(g(E) − g(E′)) ≥ 0
holds. If two tropical friezes satisfy such a property, then we say that they
are compatible.
Now we state a simple property of tropical friezes.
Proposition 2.3. Let f1, . . . , fn be tropical friezes on the same category C.
Then the sum
∑
ifi is a tropical frieze if and only if the functions fi are
pairwise compatible.
Proof. This statement is a trivial generalization of the above analysis:
the sum
∑
ifi is a tropical frieze if and only if for all pairs (E,E
′) as in
item d3) the equality∑
i
|fi(E)− fi(E
′)| = |
∑
i
(fi(E) − fi(E
′))|
holds, if and only if fi(E)−fi(E
′) are simultaneously non-negative or simul-
taneously non-positive for all integers 1 ≤ i ≤ n, if and only if the tropical
friezes fi are pairwise compatible. 
Similarly, one can obtain that the difference f − g is a tropical frieze if
and only if for all pairs (E,E′) as in item d3) the equality
|f(E)− f(E′)| − |g(E) − g(E′)| = |(f(E) − f(E′))− (g(E) − g(E′))|
holds, if and only of the inequalities
|f(E)− f(E′)| ≥ |g(E) − g(E′)| and (f(E)− f(E′))(g(E) − g(E′)) ≥ 0
hold. If two tropical friezes satisfy such a property, then we say that they
are strongly compatible.
Let CQ be the cluster category of a Dynkin quiver Q. For any indecom-
posable object X of CQ, the space HomCQ(X,X) is one-dimensional, so we
have that dimExt1CQ(ΣX,X) = 1. The associated non-split triangles are of
the following form
ΣX → E
g
→ X → Σ2X and X → 0
g′
→ ΣX → ΣX. (∗)
The following proposition is quite similar to the statements for cluster-
additive functions on stable translation quivers given in Section 1 of [36].
Proposition 2.4. Let Q be a Dynkin quiver. Then any tropical frieze on
CQ which takes only non-positive values or only non-negative values is the
zero function.
Proof. Let f be a non-zero tropical frieze on CQ with non-positive values
and X an indecomposable object such that f(X) < 0. From the non-split
triangles (∗) above, we have that
f(ΣX) = max{f(E), 0} − f(X) ≥ 0− f(X) > 0,
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which is a contradiction. Therefore, any tropical frieze with only non-
positive values is the zero function.
Let f be a tropical frieze on CQ with non-negative values. We lift f in
the natural way to a function f ′ which is (τ−1Σ)-invariant on the bounded
derived category DQ of the category modkQ. Here τ is the Auslander-Reiten
translation on DQ. Denote by φ the canonical equivalence [24] from the mesh
category of the translation quiver ZQ to the full subcategory ind(DQ) of
indecomposables of DQ. We define a function f
′′ on ZQ by setting f ′′ = f ′φ.
Let z be any vertex of ZQ. In DQ we have the Auslander-Reiten triangle
[25] as follows
φ(τz)→
⊕
y→z
φ(y)→ φ(z)→ Σφ(τz),
where ‘y → z’ in the middle term are arrows in ZQ. Its image (still use the
same notation) in CQ is a non-split triangle. The other non-split triangle
with end terms φ(z) and φ(τz) in CQ is
φ(z)→ 0→ φ(τz)
≃
−→ Σφ(z).
Hence, we can deduce that
f ′′(τz) + f ′′(z) = f ′(φ(τz)) + f ′(φ(z)) = max{
∑
y→z
f ′(φ(y)), 0}
=
∑
y→z
f ′(φ(y)) =
∑
y→z
f ′′(y).
As a consequence, the function f ′′ is an additive function on ZQ with non-
negative values, which implies that f ′′ is the zero function [26]. Therefore,
the function f is the zero function on CQ. 
2.3. Cluster characters and tropical friezes. In this subsection, we will
see some links between cluster characters and tropical friezes.
Let d2′) denote the item obtained from item d2) in Definition 2.2 in which
the equality becomes f(X ⊕ Y ) = f(X)f(Y ), and d3′) the item obtained
from item d3) in Definition 2.2 in which the equality becomes f(L)f(M) =
f(E) + f(E′). A map χ : obj(C) → A, where A is a commutative ring, is
called a cluster character in [33] if it satisfies items d1), d2′) and d3′).
Remark 2.5. Let χ be a cluster character mapping from C to the tropical
semifield (Z,⊙,⊕). Then we obtain the following equalities
χ(X ⊕ Y ) = χ(X)⊙ χ(Y ) = χ(X) + χ(Y ),
χ(L) + χ(M) = χ(L)⊙ χ(M) = χ(E)⊕ χ(E′) = max{χ(E), χ(E′)}.
As a result, the map χ is a tropical frieze mapping to the integer ring Z.
Let Q be a connected finite acyclic quiver with vertex set {1, . . . , n} and
CQ its associated cluster category. It was proved, in [13] for Dynkin quivers
and in [12] for acyclic quivers, that the Caldero-Chapoton map
CC : obj(CQ) −→ Q(x1, . . . , xn)
defined in [10] is a cluster character.
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Example 2.6. Let X be an object of CQ. Then the image CC(X) can be
written uniquely as
CC(X) =
h(x1, . . . , xn)∏n
i=1 x
di(X)
i
,
where the polynomial h(x1, . . . , xn) is not divisible by any xi, 1 ≤ i ≤ n.
Look at the function
di : obj(CQ)→ Z
with di(X) given as in the above expression for each object X of CQ.
We use elementary properties of polynomials. From the equlity CC(X ⊕
Y ) = CC(X)CC(Y ) in item d2′), one clearly sees that di(X⊕Y ) = di(X)+
di(Y ). It is also not hard to calculate the denominators of the two hand
sides of the equality CC(L)CC(M) = CC(E)+CC(E′) in item d3′), which
gives us the equality di(L) + di(M) = max{di(E), di(E
′)}. Therefore, each
function di is a tropical frieze on CQ.
However, the sum di+dj is not always a tropical frieze on CQ. We choose
the linear orientation of A3. The Auslander-Reiten quiver of the cluster
category C ~A3 is
P3
  ❆
❆
ΣP1
$$❏❏
❏
P2
==⑤⑤
!!❈
❈
I2
<<②②②
""❋
❋❋
ΣP2
$$❏❏
❏
P1
==⑤⑤
S2
>>⑥⑥
S3
::✉✉✉
ΣP3
where Pi (resp. Ii, Si) is the right projective (resp. injective, simple) k ~A3-
module associated to vertex i. By definition CC(ΣP2) = x2 and one can
calculate that
CC(P1) =
1 + x2
x1
, CC(S3) =
1 + x2
x3
, CC(P3) =
x1 + x1x2 + x3 + x2x3
x1x2x3
.
The space Ext1C ~A3
(ΣP2, P3) is 1-dimensional and the non-split triangles are
ΣP2 → P1 → P3 → I2 and P3 → S3 → ΣP2 → ΣP3.
Consider the function d1 + d3. We have that
(d1 + d3)(ΣP2) + (d1 + d3)(P3) = (0 + 0) + (1 + 1) = 2
max{(d1 + d3)(P1), (d1 + d3)(S3)} = max{1 + 0, 0 + 1} = 1.
Thus, the sum d1 + d3 is not a tropical frieze. In another way, since
(d1(P1)− d1(S3))(d3(P1)− d3(S3)) = (1− 0)(0 − 1) = −1 < 0,
the tropical friezes d1 and d3 are not compatible. As a consequence, the
difference d1 − d3 is not a tropical frieze on C ~A3 either.
Let T be a cluster-tilting object of C and T1 an indecomposable direct
summand of T . Iyama and Yoshino proved in [27] that, up to isomorphism,
there is a unique indecomposable object T ∗1 not isomorphic to T1 such that
the object µ1(T ) obtained from T by replacing the indecomposable direct
summand T1 with T
∗
1 is cluster-tilting. We call µ1(T ) the mutation of T at
T1. There are non-split triangles, unique up to isomorphism,
T ∗1 → E → T1 → ΣT
∗
1 and T1 → E
′ → T ∗1 → ΣT1
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with E and E′ in add(T/T1). A category C is said to be cluster-transitive
if any two basic cluster-tilting objects of C can be obtained from each other
by a finite sequence of mutations.
The following property of tropical friezes on a cluster-transitive category
C is quite similar to that [33] of cluster characters on C.
Proposition 2.7. Let C be a cluster-transitive category and T = T1⊕. . .⊕Tn
a basic cluster-tilting object of C. Suppose that f and g are two tropical
friezes on C such that f(Ti) = g(Ti), 1 ≤ i ≤ n. Then f and g coincide on
all subcategories addT ′, where T ′ is any cluster-tilting object of C.
Proof. By assumption we know that f and g coincide on all indecomposable
direct summands of T . We will prove this proposition by recursion on the
minimal number of mutations linking a basic cluster-tilting object to T .
Now let T ′ = T ′1 ⊕ . . . ⊕ T
′
n be a basic cluster-tilting object satisfying
that f(T ′i ) = g(T
′
i ) for all integers 1 ≤ i ≤ n. Assume that T
′′ = µ1(T
′) =
T
′′
1 ⊕ T
′
2 ⊕ . . . ⊕ T
′
n is the mutation of T
′ in direction 1. Then we have the
non-split triangles
T
′′
1 → E → T
′
1 → ΣT
′′
1 and T
′
1 → E
′ → T
′′
1 → ΣT
′
1
with middle terms E and E′ both belonging to add(T ′/T ′1). Hence, the
following equlities
f(T
′′
1 ) = max{f(E), f(E
′)} − f(T ′1) = max{g(E), g(E
′)} − g(T ′1) = g(T
′′
1 )
hold. This completes the proof. 
Let CQ be the cluster category of a connected finite acyclic quiver Q. It
was shown in [7] that CQ is cluster-transitive and any rigid indecomposable
object of CQ is a direct summand of a cluster-tilting object. If f and g
are two tropical friezes on CQ which coincide on all indecomposable direct
summands of some cluster-tilting object, by Proposition 2.7, they coincide
on all rigid objects. In particular, when Q is Dynkin, the two tropical friezes
f and g are equal.
3. tropical friezes from indices
3.1. Reminder on indices. Let X be an object of C and T a cluster-tilting
object of C. Following [30], we have triangles
TX1 → T
X
0 → X → ΣT
X
1 and X → Σ
2T 0X → Σ
2T 1X → ΣX,
where TX1 , T
X
0 , T
0
X and T
1
X belong to addT . Recall that the index and
coindex of X with respect to T are defined to be the classes in the split
Grothendieck group K0(addT ) of the additive category addT as follows
indT (X) = [T
X
0 ]− [T
X
1 ] and coindT (X) = [T
0
X ]− [T
1
X ] ,
which do not depend on the choices of the above triangles.
Assume that T is the direct sum of n pairwise non-isomorphic indecom-
posable objects T1, . . . , Tn. Let B be the endomorphism algebra of T over
C. We denote the indecomposable right projective B-module C(T, Ti) by Pi
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and denote its simple top by Si. For any two finite-dimensional B-modules
X and Y , set
〈X,Y 〉 = dimHomB(X,Y )− dimExt
1
B(X,Y ) and
〈X,Y 〉a = 〈X,Y 〉 − 〈Y,X〉.
In [33] Palu has proved that 〈 , 〉a is a well-defined bilinear form on the
Grothendieck group K0(modB) of the abelian category modB of finite-
dimensional right B-modules. Let F denote the functor C(T, ?). It was
shown in [30] that F induces an equivalence of categories
C/add(ΣT )
≃
−→ modB.
Let m be a class in K0(modB). We define a function fT,m from C to Z as
fT,m(X) = 〈F (indT (X)),m〉, X ∈ C.
When it does not cause confusion, we simply write ind(X) instead of indT (X).
3.2. Tropical friezes. In this subsection, we will give a sufficient condition
for the function fT,m to be a tropical frieze on C. Moreover, when C = CQ
the cluster category of a Dynkin quiver Q, we will see that this sufficient
condition is also a necessary condition.
Theorem 3.1. Assume that 〈Si,m〉a ≥ 0 for each simple B-module Si (1 ≤
i ≤ n). Then the function fT,m is a tropical frieze.
Proof. The function fT,m clearly satisfies the terms d1) and d2) in Definition
2.2. Now Let L and M be objects of C such that dimExt1C(L,M) = 1. Let
L
h
→ E
g
→M → ΣL and M
h′
→ E′
g′
→ L→ ΣM
be the associated non-split triangles.
First, let C ∈ C be any lift of Coker(Fg). We know from [33] that
ind(E) = ind(L) + ind(M)− ind(C)− ind(Σ−1C) and
〈FC,m〉a = 〈F (ind(C)),m〉 + 〈F (ind(Σ
−1C)),m〉.
By assumption 〈Si,m〉a ≥ 0 for each simple B-module Si (1 ≤ i ≤ n). So
we have that 〈FC,m〉a ≥ 0. Thus,
〈F (ind(E)),m〉 = 〈F (ind(L)),m〉 + 〈F (ind(M)),m〉 − 〈FC,m〉a
≤ 〈F (ind(L)),m〉 + 〈F (ind(M)),m〉.
Similarly, we obtain another inequality
〈F (ind(E′)),m〉 ≤ 〈F (ind(L)),m〉+ 〈F (ind(M)),m〉.
It follows that
max{fT,m(E), fT,m(E
′)} ≤ fT,m(L) + fT,m(M).
Second, we consider the identity maps idM : M → M and idL : L → L.
Thanks to the dichotomy phenomenon shown in [33], exactly one of the
conditions FM = (Fg)(FE) and FL = (Fg′)(FE′) is true. Assume that
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the first condition holds, then Fg is an epimorphism and FC vanishes.
Therefore, we have that
fT,m(E) = 〈F (ind(E)),m〉 = 〈F (ind(L)),m〉+ 〈F (ind(M)),m〉
= fT,m(L) + fT,m(M).
As a consequence, the equality
fT,m(L) + fT,m(M) = max{fT,m(E), fT,m(E
′)}
holds and fT,m is a tropical frieze. 
3.3. Another proof. For L ∈ C and e ∈ Nn, we denote by Gre(Ext
1
C(T,L))
the quiver Grassmannian of B-submodules of the B-module Ext1C(T,L)
whose dimension vector is e and by χ(Gre(Ext
1
C(T,L))) its Euler-Poincare´
characteristic for e´tale cohomology with proper support.
For 1 ≤ i ≤ n, we define the integer gi(L) to be the multiplicity of [Ti] in
the index ind(L) and define the element X ′L of the field Q(x1, . . . , xn) by
X ′L =
n∏
i=1
x
gi(L)
i
∑
e
χ(Gre(Ext
1
C(T,L)))
n∏
i=1
x
〈Si,e〉a
i ,
where the sum ranges over all tuples e ∈ Nn. This is a vastly generalized
form of the CC map. It was proved in [33] that the function X ′? is a cluster
character from C to Q(x1, . . . , xn). If we define functions di on C as in
Example 2.6 by replacing CC map with X ′?, then each function di is also a
tropical frieze.
We will use the tropical semifield (Z,⊙,⊕) to give another proof of The-
orem 3.1 for C = CQ where Q is a Dynkin quiver with n vertices. Let T be a
cluster-tilting object of C and B its endomorphism algebra. Notice that any
indecomposable object of C is a direct summand of some cluster-tilting object
which is obtained from T by a finite sequence of mutations. Since X ′Ti = xi
and X ′? is a cluster character, the image X
′
L lies in the universal semifield
Qsf (x1, . . . , xn) (section 2.1 in [5]). For an element m ∈ K0(modB), we
define the map
ϕm : Qsf(x1, . . . , xn) −→ (Z,⊙,⊕)
as the unique homomorphism between semifields which takes xi = X
′
Ti
to the
integer 〈F (ind(Ti)),m〉. Then the composition ϕmX
′
? is a cluster character
from C to (Z,⊙,⊕) and thus a tropical frieze from C to the integer ring
Z by Remark 2.5. When C = CQ with Q a Dynkin quiver, Nakajima [32]
showed that χ(Gre(Ext
1
C(T,L))) is a non-negative integer. Now we write
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down explicitly the function
ϕmX
′
L = max
e
{
n∑
i=1
(gi(L) + 〈Si, e〉a)〈F (ind(Ti)),m〉}
= max
e
{〈F (ind(L)),m〉+
n∑
i=1
〈Si, e〉a〈F (ind(Ti)),m〉}
= max
e
{〈F (ind(L)),m〉 − 〈(gi(Σ
−1Y ) + gi(Y ))〈F (ind(Ti)),m〉}
= max
e
{〈F (ind(L)),m〉 − 〈F (ind(Σ−1Y ) + ind(Y )),m〉}
= max
e
{〈F (ind(L)),m〉 − 〈FY,m〉a}
= max
e
{〈F (ind(L)),m〉 −
n∑
i=1
ei〈Si,m〉a}
where e ranges over all elements in K0(modB) such that χ(Gre(Ext
1
C(T,L)))
is non zero and Y is an object of C satisfying FY = e = (ei)i ∈ K0(modB).
If 〈Si,m〉a ≥ 0 for each simple B-module Si, then we have that
ϕmX
′
L = 〈F (ind(L)),m〉 = fT,m(L).
Thus, the function fT,m is equal to ϕmX
′
? and is a tropical frieze.
Remark 3.2. Let CQ be the cluster category associated to a Dynkin quiver
Q. Let T be a cluster-tilting object of CQ and B its endomorphism algebra.
Let F be the functor HomCQ(T, ?). In fact, the sufficient condition for a
function fT,m to be a tropical frieze in Theorem 3.1 is also a necessary
condition in this situation.
For any indecomposable object X of CQ, look at the second triangle as-
sociated to X in (∗) before Proposition 2.4, whose image under F is
FX → 0
Fg′
−→ F (ΣX)
≃
−→ F (ΣX).
We have that Coker(Fg′) = F (ΣX). If X does not belong to addT , then
Coker(Fg′) is not zero which implies that Coker(Fg) vanishes by the di-
chotomy phenomenon. Let m be a class in K0(modB). From the proof of
Theorem 3.1, we know that
fT,m(E) = fT,m(ΣX) + fT,m(X) = 〈F (ΣX),m〉a.
Assume that fT,m is a tropical frieze. Then it follows that
fT,m(ΣX) + fT,m(X) = max{fT,m(E), 0} ≥ 0.
Thus, for every indecomposable object X /∈ addT , the value 〈F (ΣX),m〉a
is non-negative, particularly when F (ΣX) is a simple B-module Si.
Example 3.3. Let Q be an acyclic quiver and j a sink of Q (that is, no
arrows of Q start at j). Let T be the image of kQ in CQ under the canonical
inclusion and B its endomorphism algebra EndCQ(T ). For each simple B-
module Si, we have that
〈Si, Sj〉a = −dimExt
1
B(Si, Sj) + dimExt
1
B(Sj, Si) = dimExt
1
B(Sj, Si)
= the number of arrows from i to j in Q ≥ 0.
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As an application of Theorem 3.1, the function fT,Sj is a tropical frieze.
Similarly, if j is a source of an acyclic quiver Q, that is, no arrows of Q
end at j, then fT,−Sj is a tropical frieze.
Using a similar method as in the second proof of Theorem 3.1, it is not
hard to get the following proposition:
Proposition 3.4. Let CQ be the cluster category of a Dynkin quiver Q and
T = T1 ⊕ . . .⊕ Tn a basic cluster-tilting object of CQ. Then the map
ΦT : {tropical friezes on CQ} −→ Z
n
given by ΦT (f) = (f(T1), . . . , f(Tn)) is a bijection.
Proof. For any fixed n-tuple a = (a1, . . . , an) in Z
n, there is a unique ho-
momorphism of semifields
φa : Qsf (x1, . . . , xn) −→ (Z,⊙,⊕)
such that φa(xi) = ai. We denote the composition φaX
′
? by fa. Then fa
is a tropical frieze on CQ satisfying fa(Ti) = ai. Therefore, the map ΦT is
a surjection. The injectivity follows from Proposition 2.7. Hence, the map
ΦT is bijective. 
Now we give an explanation of the periodicity phenomenon which is stated
at the end of subsection 2.1. Let F tn be a tropicalized frieze pattern of order
n(> 3). Let Q be a quiver of type An−3. Then F
t
n gives a function (denoted
by f) on the Auslander-Reiten quiver Γ of DQ. Each subquiver (y or z may
not appear)
y
❄
❄❄
❄
τx
==④④④④④
""❉
❉❉
❉ x
z
>>⑥⑥⑥⑥
in Γ induces an Auslander-Reiten triangle in DQ
τx→ y ⊕ z → x→ Στx.
Since F tn is a tropicalized frieze pattern, the function f satisfies that
f(τx) + f(x) = max{f(y) + f(z), 0}.
Let S be any slice in Γ. Set T =
⊕
y∈S y. Then the image of T is a
basic cluster-tilting object of CQ. By Proposition 3.4, there exists a unique
tropical frieze g : CQ → Z such that g(y) = f(y) for all y ∈ S. We extend
g in a natural way to a (τ−1Σ)-invariant function on DQ (still denote as g).
Then g also satisfies the above equation as f . Therefore, the two functions
f and g are equal. Moreover, for each integer i, we have that
f((τ−1Σ)ix) = g((τ−1Σ)ix) = g(x) = f(x) and
f((τ−n)ix) = g((τ−n)ix) = g((τ−2τ2−n)ix) = g((τ−1Σ)2ix) = g(x).
In conclusion, F tn is periodic with period a divisor of n, and it is invariant
under the glide reflection σ.
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3.4. Cluster-hammock functions and tropical friezes. In this subsec-
tion, we will see that the cluster-hammock functions defined by Ringel [36]
always give rise to tropical friezes, while their sums do not, even for pairwise
‘compatible’ (in the sense of Ringel) cluster-hammock functions.
Let Γ = ZQ be the translation quiver of a Dynkin quiver Q. For any
vertex x of Γ, Ringel [36] defined the cluster-hammock function hx : Γ0 → Z
by the following properties
a) hx(x) = −1;
b) hx(y) = 0 for y 6= x ∈ S, where S is any slice containing x;
c) hx(z) + hx(τz) =
∑
y→zmax{hx(y), 0} for all z ∈ Γ0.
As shown in [36], the cluster-hammock function hx is (τ
−1Σ)-invariant and
takes the value−1 on the (τ−1Σ)-orbit of x while it takes non-negative values
on the other vertices. Thus, hx naturally induces a well-defined function on
ind(CQ), which we still denote as hx on ind(CQ). We extend hx to a function
defined on CQ by requiring that hx(X ⊕ Y ) = hx(X) + hx(Y ) for all objects
X,Y of CQ. Let S
′
x be the slice in ZQ with x its unique sink and S
′′
x the
slice in ZQ with x its unique source.
Let Z be an indecomposable object of CQ. If there is an arrow from x
to Z in the Auslander-Reiten quiver of CQ, then Z and τZ both lie in the
(τ−1Σ)-orbit of the convex hull of S ′x and S
′′
x . Thus, both hx(Z) and hx(τZ)
are zero, which impies that all hx(y) appearing in the right hand side of
item c) are non-positive. Hence, we have that
hx(Z) + hx(τZ) =
∑
y→Z
max{hx(y), 0} = 0 = max{
∑
y→Z
hx(y), 0},
where ‘y → Z’ are arrows in Γ. If there is no arrow from x to Z in the
Auslander-Reiten quiver of CQ, then we have the following equalities
hx(Z) + hx(τZ) =
∑
y→Z
max{hx(y), 0}
=
∑
y→Z
hx(y) = max{
∑
y→Z
hx(y), 0},
where ‘y → Z’ are arrows in Γ. Therefore, for all non-split triangles as the
triangles (∗) before Proposition 2.4, the function hx satisfies item d3) in
Definition 2.2. Besides, by Proposition 3.4, there is a unique tropical frieze
g : CQ → Z such that g(Y ) = hx(Y ) for all indecomposables Y which come
from the same slice containing x. Thus, we have that hx = g and hx is a
tropical frieze on CQ.
Let Sx be any slice in ZQ with x a source. Set T = ⊕Y ∈SxY . It is a basic
cluster-tilting object of CQ. Let B be the endomorphism algebra of T and
Sx the simple B-module corresponding to x. Clearly Sx is the quiver of B.
Set m = −Sx. Then fT,−Sx is a tropical frieze and takes the same values as
hx on all indecomposable direct summands of T . As a result, the function
hx is equal to fT,−Sx.
However, the sum
∑
x hx of cluster-hammock functions with all x coming
from the same slice S in ZQ is not always a tropical frieze, which is quite
different to the Corollary in Section 6 of [36]. Here we also use the same
counter-example on C ~A3 as in Section 2. We already know that the functions
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d1 and hΣP1 are tropical friezes. Let T = ΣP1 ⊕ ΣP2 ⊕ ΣP3. Then d1 and
hΣP1 coincide on all ΣPi (1 ≤ i ≤ 3). Thus, hΣP1 is equal to d1. Similarly,
the tropical frieze hΣP3 is equal to d3. But the sum hΣP1 + hΣP3 = d1 + d3
is not a tropical frieze.
4. simple illustrations for the cases A1 and A2
Let us first look at the cluster category C = CQ of the quiver Q of type
A1. Let X and ΣX be the two indecomposable objects in CQ. Assume f is
a tropical frieze on CQ. Then we have that
f(X) + f(ΣX) = 0.
Set T = X and m = f(X)SX , where SX is the unique simple (EndCQ(X))-
module. Since 〈SX ,m〉a is zero, by Theorem 3.1 the function fT,m is a
tropical frieze. The following equalities
fT,m(X) = 〈F (ind(X)), f(X)SX 〉 = f(X) and
fT,m(ΣX) = 〈F (ind(ΣX)), f(X)SX 〉 = −f(X) = f(ΣX)
clearly hold. Therefore, the tropical frieze f is equal to fT,m.
Now let us look at the cluster category C = CQ of a quiver Q of type A2.
Assume that f is a non-zero tropical frieze on CQ. Following Proposition 2.4,
we know that there exist an indecomposable object X such that f(X) < 0.
Let Y and Y ′ be the two non-isomorphic indecomposables such that X ⊕ Y
and X ⊕ Y ′ are cluster-tilting objects of CQ. Then we have that
f(Y ) + f(Y ′) = max{f(X), 0} = 0.
Therefore, there must exist a cluster-tilting object T = T1 ⊕ T2 with Ti
indecomposable such that
f(T1) ≥ 0 and f(T2) < 0.
Let QT be the quiver of the endomorphism algebra B = EndCQ(T ). Let Pi
be the indecomposable projective B-module and Si its corresponding simple
top. The quiver QT is also of type A2.
If S1 attaches to the sink in QT , set m = f(T1)S1 + f(T2)S2, then
〈S1,m〉a = −f(T2)dimExt
1
B(S1, S2) = −f(T2) > 0 and
〈S2,m〉a = f(T1)dimExt
1
B(S1, S2) = f(T1) ≥ 0,
which implies that fT,m is a tropical frieze by Theorem 3.1. Moreover, the
tropical friezes f and fT,m coincide on Ti. Therefore, the tropical frieze f is
equal to fT,m.
If S1 attaches to the source in QT , set T
′ = µ2µ1(T ) = T
′
1⊕ T
′
2, where T
′
1
and T ′2 come from the following non-split triangles in CQ
T1 → T2 → T
′
1 → ΣT1, T
′
1 → 0→ T1 → ΣT
′
1;
T2 → T
′
1 → T
′
2 → ΣT2, T
′
2 → 0→ T2 → ΣT
′
2.
We can calculate that
f(T ′1) = −f(T1) ≤ 0 and f(T
′
2) = −f(T2) > 0.
Notice that the quiver QT ′ of the endomorphism algebra B
′ = EndCQ(T
′) is
T ′1 → T
′
2. Let S
′
i be the simple B
′-module corresponding to T ′i . Now we go
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back to the above cases. Set m′ = f(T ′1)S
′
1 + f(T
′
2)S
′
2. Then we have that
fT ′,m′ is a tropical frieze and takes the same values as f on T
′
i . Thus, the
tropical frieze f is equal to fT ′,m′ .
In fact, such a phenomenon for the cases A1 and A2 is a common phe-
nomenon for the Dynkin case, which we will state in Theorem 5.1 in the
next section.
Let fT,m be a tropical frieze on CQ with Q a quiver of type A2. Suppose
that the quiverQT of the endomorphism algebra B = EndCQ(T ) is (T1 → T2)
and m = m1S1 +m2S2. From Remark 3.2 we know that 〈Si,m〉a ≥ 0 for
i = 1, 2, that is,
〈S1,m〉a = m2dimExt
1
B(S2, S1) = m2 ≥ 0, and
〈S2,m〉a = −m1dimExt
1
B(S2, S1) = −m1 ≥ 0.
Notice that fT,m(Ti) = 〈FTi,m〉 = mi for i = 1, 2. Set T
′ = µ1(T ) = T
′
1⊕T2
and T ′′ = µ2(T ) = T1 ⊕ T
′′
2 . Then the following expressions hold
fT,m(T
′
1) = max{fT,m(T2), 0} − fT,m(T1) ≥ −fT,m(T1) ≥ 0,
fT,m(T
′′
2 ) = max{fT,m(T1), 0} − fT,m(T2) = −fT,m(T2) ≤ 0.
Therefore, in the A2 case, there exist cluster-tilting objects T
′ and T ′′ such
that fT,m takes non-negative values on direct summands of T
′ and non-
positive values on direct summands of T ′′.
5. the main theorem (dynkin case)
As a generalization of the phenomenon illustrated in Section 4, the aim
of this section is to show the following theorem:
Theorem 5.1. Let CQ be the cluster category of a Dynkin quiver Q. Then
all tropical friezes on CQ are of the form fT,m, where T is a cluster-tilting
object and m an element in the Grothendieck group K0(modEndCQ(T )).
We will prove the theorem in sections 5.1 and 5.2. First, we need to
introduce some notation:
Let C be a 2-Calabi-Yau category with cluster-tilting object. Let f be
a tropical frieze on the category C and T = T1 ⊕ . . . ⊕ Tn a basic cluster-
tilting object of C. Suppose that the quiver Q of the endomorphism algebra
EndC(T ) does not have loops nor 2-cycles. Let bij denote the number of
arrows i → j minus the number of arrows j → i in Q (notice that at least
one of these two numbers is zero). For each integer 1 ≤ i ≤ n, let gi(T ) be
the integer
gi(T ) =
∑
r
[bri]+f(Tr)−
∑
s
[bis]+f(Ts),
where [bkl]+ = max{bkl, 0} is equal to the number of arrows k → l in Q. De-
note by g(T ) the class
∑n
i=1 gi(T )[Ti] in the Grothendieck group K0(addT ).
5.1. Transformations of the class g(T ) under mutations. Since the
quiver Q does not have loops, for each Tk, there is a unique indecomposable
object T ′k such that the space Ext
1
C(T
′
k, Tk) is one-dimensional and the non
split triangles are given [29] by
T ′k → E → Tk → ΣT
′
k and Tk → E
′ → T ′k → ΣTk,
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where
E =
⊕
r
[brk]+Tr and E
′ =
⊕
s
[bks]+Ts.
Let T ′ = µk(T ) = T
′
k ⊕ (
⊕
i 6=k Ti). Define linear transformations φ+ and φ−
from K0(addT ) to K0(addT
′) as in [17] by
φ+(Ti) = φ−(Ti) = [Ti] for i 6= k, and
φ+(Tk) = [E]− [T
′
k] = −[T
′
k] +
∑
r
[brk]+[Tr]
φ−(Tk) = [E
′]− [T ′k] = −[T
′
k] +
∑
s
[bks]+[Ts].
It was shown in [17] that if X is a rigid object of C, then the index of X
with respect to cluster-tilting objects transforms as follows:
indT ′(X) =
{
φ+(indT (X)) if [indT (X) : Tk] ≥ 0,
φ−(indT (X)) if [indT (X) : Tk] ≤ 0,
where [indT (X) : Tk] denotes the coefficient of Tk in the decomposition of
indT (X) in the category K0(addT ).
Proposition 5.2. Suppose that the quivers Q and Q′ of the endomorphism
algebras EndC(T ) and EndC(T
′) do not have loops nor 2-cycles. Then the
element g(T ) transforms in the same way as above, i.e.
g(T ′) =
{
φ+(g(T )) if gk(T ) ≥ 0,
φ−(g(T )) if gk(T ) ≤ 0.
Proof. We first assume that gk(T ) ≥ 0, that is, f(E) =
∑
r[brk]+f(Tr) ≥∑
s[bks]+f(Ts) = f(E
′). Since f is a tropical frieze, we have that f(Tk) +
f(T ′k) = f(E) =
∑
r[brk]+f(Tr). We compute φ+(g(T )):
φ+(g(T )) = φ+(
n∑
i=1
gi(T )[Ti]) =
∑
i 6=k
gi(T )[Ti] + gk(T )φ+(Tk)
=
∑
i 6=k
gi(T )[Ti]− gk(T )[T
′
k] +
∑
r
gk(T )[brk]+[Tr]
=
∑
i 6=k
(gi(T ) + [bik]+gk(T ))[Ti]− gk(T )[T
′
k].
By assumption, the quivers Q and Q′ do not have loops nor 2-cycles.
Following [6], we know that Q′ = µk(Q) is the mutation of the quiver Q at
vertex k. Let b′ij denote the number of arrows i → j minus the number of
arrows j → i in Q′. Then it is known from [21] that
b′ij =
{
bji if i = k or j = k,
bij +
|bik|bkj+bik |bkj |
2 otherwise.
It is obvious that
gk(T
′) =
∑
r
[b′rk]+f(Tr) −
∑
s
[b′ks]+f(Ts)
=
∑
r
[bkr]+f(Tr) −
∑
s
[bsk]+f(Ts) = −gk(T ).
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For vertices i 6= k, we distinguish three cases to compute gi(T
′).
If bik = bki = 0, then b
′
ij = bij and b
′
ji = bji for all vertices j. In this case,
we have that
gi(T
′) =
∑
r
[b′ri]+f(Tr)−
∑
s
[b′is]+f(Ts)
=
∑
r
[bri]+f(Tr)−
∑
s
[bis]+f(Ts) = gi(T ).
If bik > 0, then
gi(T
′) =
∑
r
[b′ri]+f(Tr)−
∑
s
[b′is]+f(Ts) = (
∑
r
[bri]+f(Tr) + bikf(T
′
k))
− (
∑
s
[bis]+f(Ts)− bikf(Tk) +
∑
s′
bik[bks′ ]+f(Ts′))
= gi(T ) + bik(f(T
′
k) + f(Tk)−
∑
s′
[bks′ ]+f(Ts′))
= gi(T ) + bik(
∑
r
[brk]+f(Tr)−
∑
s
[bks]+f(Ts))
= gi(T ) + bikgk(T ).
If bik < 0, then bki = −bik > 0, and
gi(T
′) =
∑
r
[b′ri]+f(Tr)−
∑
s
[b′is]+f(Ts)
= (
∑
r
[bri]+f(Tr)− bkif(Tk) +
∑
r′
[br′k]+bkif(Tr′))
− (
∑
s
[bis]+f(Ts) + bkif(T
′
k))
= gi(T )− bki(f(Tk) + f(T
′
k)−
∑
r′
[br′k]+f(Tr′))
= gi(T )− bki(
∑
r
[brk]+f(Tr)−
∑
r′
[br′k]+f(Tr′)) = gi(T ).
Therefore, we obtain that g(T ′) = φ+(g(T )) when gk(T ) ≥ 0. In a similar
way we can also obtain that g(T ′) = φ−(g(T )) when gk(T ) ≤ 0. 
5.2. Proof of the main theorem. Let T0 and T1 be two objects in addT
which do not have a direct summand in common. Let η be a morphism
in C(T1, T0). Denote by C(η) the cone of η. Then we have the following
triangle in C
T1
η
→ T0 → C(η)→ ΣT1. (∗∗)
The algebraic group Aut(T0)×Aut(T1) acts on C(T1, T0) via
(g0, g1)η
′ = g0η
′g−11 .
Let Oη denote the orbit of η in the space X := C(T1, T0) under the above
action of Aut(T0)×Aut(T1).
It is not hard to obtain the following lemma. For the convenience of the
reader we include a proof.
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Lemma 5.3. Let η and η′ be two morphisms in X . Then Oη = Oη′ if and
only if C(η) ≃ C(η′).
Proof. First we assume that Oη = Oη′ . Then there exists an element
(g0, g1) ∈ Aut(T0) × Aut(T1) such that η
′ = g0ηg
−1
1 . The commutative
square g0η = η
′g1 can be completed to a commutative diagram of triangles
as follows
T1
η
//
g1

T0
ι //
g0

C(η)
p
//
h

ΣT1
Σg1

T1
η′
// T0
ι′ // C(η′)
p′
// ΣT1.
Here the morphism h is an isomorphism from C(η) to C(η′).
Second we assume that C(η) ≃ C(η′). Let h be an isomorphism from
C(η) to C(η′) and h−1 its inverse. Since the space C(T0,ΣT1) vanishes, we
have that (keeping the notation as in the above commutative diagram)
p′hι = 0 and ph−1ι′ = 0.
Thus, there exist two morphisms g0 and g
′
0 in C(T0, T0) such that
ι′g0 = hι and ιg
′
0 = h
−1ι′.
As a consequence, the equalities
ιg′0g0 = h
−1ι′g0 = h
−1hι = ι and ι′g0g
′
0 = hιg
′
0 = hh
−1ι′ = ι′
hold. Thus, we have that g0g
′
0 = 1 = g
′
0g0. The morphism g0 is an element
in Aut(T0). The commutative square hι = ι
′g0 can be completed to a
commutative diagram of triangles as above. Thhus, there exists an element
g1 ∈ Aut(T1) such that g0η = η
′g1. Therefore, the two orbits Oη and Oη′
are the same. 
Lemma 5.4. Keep the above notation. We have the equality
codimXOη = 1/2 dimExt
1
C(C(η), C(η)).
Proof. Let F be the functor C(T, ?) and B the endomorphism algebra of FT .
We denote the space HomB(FT1, FT0) by FX . Since F induces a category
equivalence from C/add(ΣT ) to modB, we have that
codimXOη = codimFXOFη.
The algebra B is a finite-dimensional algebra, both FT1 and FT0 are
finitely generated B-modules. As in [34], we view Fη as a complex in
Kb(projB) and define the space E(Fη) as
E(Fη) = HomKb(projB)(Σ
−1Fη, Fη).
Following Lemma 2.16 in [34], we have the equality
codimFXOFη = dimE(Fη).
The exact sequence
FT1
Fη
→ FT0 → F (C(η))→ 0
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is a minimal projective presentation of F (C(η)). Still following from [34],
the equality
dimE(Fη) = dimHomB(F (C(η)), τF (C(η)))
holds, where τ is the Auslander-Reiten translation. Moreover, by Section
3.5 in [30], we have that F (ΣC(η)) ≃ τF (C(η)).
For two objects X and Y of C, let (ΣT )(X,Y ) be the subspace of C(X,Y )
consisting of morphisms fromX to Y factoring through an object in add(ΣT ),
let C/(ΣT )(X,Y ) denote the space C(X,Y )/(ΣT )(X,Y ). Lemma 3.3 in [33]
shows that there is a bifunctorial isomorphism
C/(ΣT )(X,ΣY ) ≃ D(ΣT )(Y,ΣX).
If we choose Y = X, then we can deduce that
dim C/(ΣT )(X,ΣX) = dim(ΣT )(X,ΣX) = 1/2 dim C(X,ΣX).
Notice that the equivalence F gives the following equality
dimHomB(F (C(η)), τF (C(η))) = dim C/(ΣT )(C(η),ΣC(η)).
Finally, if we combine all the equalities about dimensions together, then we
can obtain that
codimXOη = 1/2 dimExt
1
C(C(η), C(η)).

If we do not assume that T0 and T1 do not have a common direct sum-
mand, then the equality in Lemma 5.4 becomes
codimXOη ≥ 1/2 dimExt
1
C(C(η), C(η)).
This is because the third equality in the proof becomes
dimE(Fη) ≥ dimHomB(F (C(η)), τF (C(η)))
for arbitrary projective presentations.
Lemma 5.5. Suppose that C has only finitely many isomorphism classes of
indecomposable objects. Then the set {[C(η)]|η ∈ C(T1, T0)} is finite, where
[C(η)] denotes the isomorphism class of C(η) in C.
Proof. We use the same exact sequence
FT1
Fη
→ FT0 → F (C(η))→ 0
as in the proof of Lemma 5.4, which is a projective presentation of F (C(η)).
By assumption C has only finitely many isomorphism classes of indecom-
posable objects. So the number of isomorphism classes of indecomposable
B-modules is also finite. Notice that the dimension of F (C(η)) is bounded
by the dimension of FT0. Hence, the set of {[F (C(η))]|η ∈ C(T1, T0)} is
finite, where [F (C(η))] denotes the isomorphism class of F (C(η)) in modB.
Now we decompose C(η) as Xη⊕ΣTη, where Xη does not contain a direct
summand in addT . We have that F (C(η)) = F (Xη). Since C(T0,ΣTη)
vanishes, we can rewrite the triangle (∗∗) before Lemma 5.3 as
T1
(
η
0
)
−→ T0 ⊕ 0
(
ιη 0
0 0
)
−→ Xη ⊕ ΣTη → ΣT1,
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which is the direct sum of the following two triangles
Σ−1C(ιη)→ T0
ιη
→ Xη → C(ιη), and
Tη → 0→ ΣTη → ΣTη.
Here C(ιη) denotes the cone of the morphism ιη. Therefore, the object Tη
is a direct summand of T1, and there are only finitely many choices. In
conclusion, there are only finitely many isomorphism classes of C(η) when
η runs over the space C(T1, T0). 
Under the assumption that C has only finitely many isomorphism classes
of indecomposable objects, by combining Lemma 5.3 and Lemma 5.5 we
can obtain that there are only finitely many orbits Oη in the affine space X .
Therefore, there must exist some morphism η such that
codimXOη = 0,
which implies that C(η) is a rigid object by Lemma 5.4. We say a morphism
η generic if its cone C(η) is rigid. We deduce the following proposition
Proposition 5.6. Suppose that C has only finitely many isomorphism classes
of indecomposable objects. Then there exists a generic morphism η ∈ C(T1, T0)
with the cone C(η) rigid.
Now we are ready to prove our main theorem.
Proof of Theorem 5.1. Let T = T1 ⊕ . . . ⊕ Tn be any basic cluster-tilting
object in CQ. Keeping the notation in the beginning of this section, we define
two objects
L =
⊕
gi(T )<0
T
−gi(T )
i and R =
⊕
gi(T )>0
T
gi(T )
i .
By Proposition 5.6, there exists a morphism η ∈ HomCQ(L,R) such that the
cone C(η) is rigid. The triangle
L
η
→ R→ C(η)→ ΣL
implies that the index
indT (C(η)) = [R]− [L] = g(T ).
Since C(η) is rigid, there exists a cluster-tilting object T ′ of CQ such that
C(η) ∈ addT ′. The triangle
Σ−1C(η)→ 0→ C(η)→ C(η)
gives us that
indΣ−1T ′(C(η)) ∈ Z
n
≤0.
Set T ′′ = Σ−1T ′. It was shown in [9] that the quiver of the endomorphism
algebra of a cluster-tilting object of CQ does not have loops nor 2-cycles.
Therefore, it follows from Proposition 5.2 that
g(T ′′) = indT ′′(C(η)) ∈ Z
n
≤0,
that is, gi(T
′′) ≤ 0.
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Let B′′ denote the endomorphism algebra EndCQ(T
′′) and Q′′ its asso-
ciated quiver. Let S
′′
i be the simple top of the indecomposable projective
B′′-module P ′′i = HomCQ(T
′′, T ′′i ). Set
m′′ =
n∑
j=1
f(T ′′j )S
′′
j (∈ K0(modB
′′)).
Then for each simple B′′-module S′′i , we have that
〈S′′i ,m
′′〉a =
n∑
j=1
f(T ′′j )〈S
′′
i , S
′′
j 〉a
=
n∑
j=1
f(T ′′j )(−dimExt
1
B′′(S
′′
i , S
′′
j )) +
n∑
j=1
f(T ′′j )dimExt
1
B′′(S
′′
j , S
′′
i )
= −
n∑
j=1
[b′′ji]+f(T
′′
j ) +
n∑
j=1
[b′′ij ]+f(T
′′
j ) = −gi(T
′′) ≥ 0,
where b′′kl denotes the number of arrows k → l minus the number of arrows
l → k in Q′′. Therefore, by Theorem 3.1 the function fT ′′,m′′ is a tropical
frieze. Since we have
fT ′′,m′′(T
′′
i ) = 〈P
′′
i ,m
′′〉 = 〈P ′′i , f(T
′′
i )S
′′
i 〉 = f(T
′′
i ),
the tropical friezes f and fT ′′,m′′ coincide on all T
′′
i . Now it follows from
Proposition 2.7 that f is equal to fT ′′,m′′ .
5.3. Sign-coherence property. For any tropical frieze f on CQ with Q a
Dynkin quiver, we will see in this subsection the existence of cluster-tilting
objects whose indecomposable direct summands have sign-coherent values
under f .
Theorem 5.7. Let CQ be the cluster category of a Dynkin quiver Q and f
a tropical frieze on CQ. Then there exists a cluster-tilting object T such that
f(Ti) ≥ 0 (resp. f(Ti) ≤ 0)
for all indecomposable direct summands Ti of T .
Proof. Since f is a tropical frieze on CQ, it follows from Theorem 5.1 that
f is equal to some fT,m with T a cluster-tilting object and m an element in
K0(modEndCQ(T )). We divide the proof into three steps.
Step 1. For any cluster-tilting object S of CQ, we define its associated
positive cone as
C(S) = {indT (U)|U ∈ addS} (⊂ K0(addT )).
Each element X ∈ K0(addT ) can be written uniquely as
X = [T0]− [T1],
where T0, T1 ∈ addT without common indecomposable direct summands.
By Proposition 5.6, there exists some morphism η ∈ HomCQ(T1, T0) such
that the cone C(η) is rigid. Moreover, we have that
indT (C(η)) = [T0]− [T1] = X.
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Since C(η) is rigid, it belongs to addS for some cluster-tilting object S of
CQ, which implies that the element X belongs to the positive cone C(S). As
a consequence, we can obtain that
K0(addT ) =
⋃
S
C(S),
where S ranges over all (finitely many) cluster-tilting objects of CQ.
Step 2. Let T1, . . . , Tn be the pairwise non-isomorphic indecomposable
direct summands of T . Suppose that m =
∑n
i=1miSi with Si the simple
EndCQ(T )-module corresponding to Ti. Set
H≥0m = {X ∈ K0(addT ) | 〈FX,m〉 ≥ 0}.
It is clear that
〈sgn(mi)FTi,m〉 = |mi| ≥ 0,
where F is the functor HomCQ(T, ?) and
sgn(mi) =
{
1 ifmi ≥ 0,
−1 ifmi < 0.
Let H be the hyperquadrant of K0(addT ) consisting of the non-negative
linear combinations of the sgn(mi)[Ti], 1 ≤ i ≤ n. Then we have that
H ⊂ H≥0m .
Step 3. It was shown in Section 2.4 of [17] that each positive cone C(S) is
contained in a hyperquadrant of K0(addT ) with respect to the given basis
[Ti], 1 ≤ i ≤ n. Thus, each hyperquadrant of K0(addT ) is a union of positive
cones. Let T ′ be a cluster-tilting object satisfying
C(T ′) ⊂ H ⊂ H≥0m .
We obtain that
f(T ′i ) = fT,m(T
′
i ) = 〈F (indT (T
′
i )),m〉 ≥ 0
for all indecomposable direct summands T ′i of T .
Similarly, there exists some cluster-tilting object T ′′ such that f(T ′′i ) ≤ 0
for all indecomposable direct summands T ′′i of T
′′. 
5.4. Another approach to the main theorem. Let CQ be the cluster
category of a Dynkin quiver Q. In this subsection, we will see another
approach to Theorem 5.1 by using the work of V. Fock and A. Goncharov
[20]. For simplicity, we write Ztr for the tropical semifield (Z,⊙,⊕).
Let AQop(Ztr) and XQop(Ztr) be the set of tropical Z-points of A-variety
and X -variety [20] associated with the opposite quiver Qop, respectively. For
a vertex k of Q, the mutation µk : AQop(Ztr) → Aµk(Qop)(Ztr) is given by
the tropicalization of formula (14) in [20]:
Ak + (µkA)k = max{
∑
j
[bjk]+Aj ,
∑
j
[bkj]+Aj},
where [brs]+ is the number of arrows from r to s in Q (or from s to r in
Qop). Let T be the image of kQ in CQ. Then for each tropical Z-point A in
AQop(Ztr), there is a unique tropical frieze h on CQ such that h(Tj) = Aj for
each 1 ≤ j ≤ n. Moreover, this correspondence commutes with mutation.
24 LINGYAN GUO
Besides, we know from [34] that the isomorphism XQop(Ztr) ≃ K0(addT )
commutes with mutation. Given a seed i, in [20] V. Fock and A. Goncharov
considered the function Pi =
∑n
i=1 aixi on A(Ztr) × X (Ztr). Now we can
transform the function Pi in our case as
PS =
n∑
i=1
h(Si)[indS(Y ) : Si]
where S is the cluster-tilting object of CQ corresponding to the seed i, the
elements ai correspond to h(Si) and xi correspond to [indS(Y ) : Si] for some
object Y of CQ.
Let f be a tropical frieze on CQ. Let L and R be the same objects as in
the proof of Theorem 5.1. Assume X is an object of CQ with
indT (X) = [R]− [L] (= g(T )).
For example, the cone C(η) as in the proof of Theorem 5.1. For the pair
N = (f, indT (X)) ∈ A(Ztr) × X (Ztr), by Theorem 5.2 in [20], there exists
a cluster-tilting object T ′ such that all coordinates [indT ′(X) : T
′
i ] are non-
negative. It follows that there exists some rigid object X0 ∈ addT
′ with the
same index as X. Set T ′′ = Σ−1T ′, as in the proof of Theorem 5.1, we can
also obtain that
g(T ′′) = indT ′′(X) = indT ′′(X0) ∈ Z
n
≤0.
This gives another approach to the main theorem.
Moreover, our definition for positive cones in Step 1 in the proof of The-
orem 5.7 coincides with Fock-Goncharov’s. From the equality
K0(addT ) =
⋃
S
C(S),
where S ranges over all (finitely many) cluster-tilting objects of CQ, we
can also obtain that a finite type cluster X -variety is of definite type (see
Corollary 5.5 and Conjecture 5.7 in [20]).
6. proof of a conjecture of ringel
Conjecture 6.1 (Section 6, [36]). Let Γ = Z∆ where ∆ is one of the
Dynkin diagrams An,Dn,E6,E7,E8 and let f be cluster-additive on Γ. Then
f is a non-negative linear combination of cluster-hammock functions (and
therefore of the form ∑
x∈T
nxhx
for a tilting set T and integers nx ∈ N0, for all x ∈ T ).
Proof of Conjecture 6.1. LetQ be an orientation of the Dynkin diagram
∆. Then Γ can be viewed as the Auslander-Reiten quiver of the bounded
derived category DQ of the category modkQ. Let Ii be the i-th indecom-
posable injective right kQ-module. Define a dimension vector d = (di)i∈Q0
di =
{
f(Ii) if f(Ii) > 0,
0 otherwise.
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Let rep(Q, d) be the affine variety of representations of the opposite quiver
Qop with dimension vector d. Choose a right kQ-moduleM whose associated
point in rep(Q, d) is generic, so that M is rigid.
Define an object T of the cluster category CQ asM⊕(
⊕
f(Ii)<0
(ΣPi)
−f(Ii)).
For each i satisfying f(Ii) < 0, we have the following isomorphisms
Ext1CQ(ΣPi,M) ≃ HomCQ(Pi,M) ≃ HomkQ(Pi,M),
where the second isomorphism follows from Proposition 1.7 (d) in [7]. Notice
that the space HomkQ(Pi,M) vanishes since M does not contain Si as a
composition factor. Thus, the object T is rigid.
Let M =Ma11 ⊕ . . .⊕M
ar
r be a decomposition of M with Mj (1 ≤ j ≤ r)
indecomposable and pairwise non-isomorphic. Let T be the set
{Mj |1 ≤ j ≤ r} ∪ {ΣPi|i ∈ Q0 such that f(Ii) < 0}.
Then T is a partial tilting set [36]. Denote by ΣT the set {ΣY |Y ∈ T }(=
{ΣMj |1 ≤ j ≤ r} ∪ {Ii|i ∈ Q0 such that f(Ii) < 0}). Let T
+ be a basic
cluster-tilting object of CQ which contains every element in T as a direct
summand. For an indecomposable object X, we use the notation [N : X]
to denote the multiplicity of X appearing as a direct summand in CQ of an
object N .
Define a new function f ′ as
∑
X∈ΣT [ΣT : X]hX . Then f
′ is a cluster-
additive function by the Corollary in Section 6 of [36]. Notice that
[ΣT : Ii] = [T : ΣPi] = −f(Ii) and [ΣT : ΣMj] = aj (1 ≤ j ≤ r).
Now we rewrite f ′ as
∑
Ii∈ΣT
[ΣT : Ii]hIi+
∑
ΣMj∈ΣT
[ΣT : ΣMj]hΣMj =
∑
Ii∈ΣT
(−f(Ii))hIi+
r∑
j=1
ajhΣMj .
In the following we will show that f and f ′ coincide on all indecomposable
injective kQ-modules. Recall that for any pair X 6= X ′ in a partial tilting
set, the value hX(X
′) is zero (Section 5, [36]).
Step 1. Look at the indecomposable injective kQ-module Il satisfying
f(Il) < 0.
It is easy to see that
f ′(Il) = −f(Il)hIl(Il) = f(Il).
Step 2. Look at the indecomposable injective kQ-module Il satisfying
f(Il) = 0.
We have the following isomorphisms
Ext1CQ(T,Σ
−1Il) ≃ HomCQ(T, Il) ≃ HomCQ(T,Σ
2Pl) ≃ DHomCQ(Pl, T )
≃ DHomkQ(Pl,M)⊕DExt
1
CQ
(Pl,
⊕
f(Ii)<0
(−f(Ii))Pi) = 0.
Hence, the set ΣT ∪{Il|f(Il) = 0} is a partial tilting set, which implies that
hX(Il) = 0, X ∈ ΣT .
As a result, we obtain that
f ′(Il) = 0 = f(Il).
26 LINGYAN GUO
Step 3. Look at the indecomposable injective kQ-module Il satisfying
f(Il) > 0.
We compute the dimension of HomCQ(T, Il). As in step 2, we obtain the
following isomorphisms
HomCQ(T, Il) ≃ DHomkQ(Pl,M) ≃ HomkQ(M, Il).
It follows that
dimHomCQ(T, Il) = dimHomCQ(M, Il) = dl = f(Il).
Let B denote the endomorphism algebra EndCQ(T
+) and SMj the simple
B-module which corresponds to the indecomposable projective B-module
HomCQ(T
+,Mj). For each object Mj , we have that
dimHomCQ(Mj , Il) = dimHomB(HomCQ(T
+,Mj),HomCQ(T
+, Il))
= the multiplicity of SMj as a composition factor of HomCQ(T
+, Il)
= hΣMj (Il),
where the last equality appears in the end of the proof of the Lemma in
Section 10 of [36]. Since hIi(Il) = 0 for all Ii ∈ ΣT , the following equalities
f(Il) = dimHomCQ(M, Il) =
r∑
j=1
ajdimHomCQ(Mj , Il)
=
r∑
j=1
ajhΣMj(Il) = f
′(Il)
hold.
Therefore, the cluster-additive functions f and f ′ coincide on all inde-
composable injective kQ-modules, which implies that f is equal to f ′. This
completes the proof.
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